We present numerical results in SU (2) lattice gauge theory for the space-space and time-time components of the gluon propagator at equal time in the minimal Coulomb gauge. It is found that the equal-time would-be physical 3-dimensionally transverse gluon propagator D tr ( k) vanishes at k = 0 when extrapolated to infinite lattice volume, whereas the instantaneous color-Coulomb potential D 44 ( k) is strongly enhanced at k = 0. This has a natural interpretation in a confinement scenario in which the would-be physical gluons leave the physical spectrum while the long-range Coulomb force confines color. Gribov's formula D tr ( k) = (| k|/2)[( k 2 ) 2 + M 4 ] 1/2 provides an excellent fit to our data for the 3dimensionally transverse equal-time gluon propagator D tr ( k) for relevant values of k.
Introduction
Wilson's lattice gauge theory provides a regularized formulation of gauge theory that is manifestly gauge invariant, and numerical simulations do not require gauge fixing. However gauge fixing on the lattice is advantageous to gain control of the critical or continuum limit, for this makes available the strong results of gauge-fixed continuum renormalization theory.
For example one may prove in continuum renormalization theory that a certain quantity, such as the running coupling constant, defined in terms of gluon correlation functions in some gauge, is finite when the cut-off is removed. Then the corresponding lattice quantity, defined in the corresponding lattice gauge, should be finite in the critical limit, and it becomes of interest to make a numerical determination of that quantity. Moreover one may determine by numerical fit the location of the poles of propagators which, according to the Nielsen identities, is independent of the gauge parameters [1] . Finally, if one has in hand a confinement scenario in a particular gauge, then it is possible to test its predictions numerically for gauge-fixed quantities. Although the scenario may look quite different in different gauges, nevertheless any one of them provides a valid perspective.
Previous numerical studies of the Coulomb gauge were reported in [2] and [3] . We present here a numerical study of the gluon propagator in SU (2) lattice gauge theory, without quarks, in the minimal Coulomb gauge (defined in the Appendix). Simulations have been done at β = 2.2 for 9 different lattice volumes V = L 4 , with L = 14, 16, 18, 20, 22, 24 , 26, 28 and 30. (A total of 2420 configurations have been generated, from 50 configurations for 30 4 up to 600 for 14 4 .) The procedure is to first equilibrate ungauge-fixed configurations U according to the Wilson action using a hybrid over-relaxed algorithm [4] . Then statistically independent configurations U are gauge fixed to the minimal lattice Coulomb gauge by a minimization that is effected using a stochastic over-relaxation algorithm described in [5] with accuracy (∂ i A i ) 2 ≤ 10 −16 , where the average is taken on each time slice separately and ∂ i A i is defined in Eq. (A.4). Finally the components D tr ( k) and D 44 ( k) of the equal-time gluon correlator are evaluated. The lattice Coulomb gauge is more easily accessible to numerical study than the Landau gauge because each time-slice contributes separately to the numerical average which, for a lattice of volume 30 4 , gives a factor of 30 gain. The total computer time devoted to this project so far is about 500 days on a 500 MHz ALPHA work-station 1 . 1 We thank Jorge L. deLyra for kindly providing us with access to the cluster of ALPHA work-stations at the Department of Mathematical Physics (DFMA) of the University of São Paulo (USP).
The results provide a test of the confinement scenario that was originally proposed by Gribov [6] and elaborated in [7] . The confinement scenario is particularly transparent in the Coulomb gauge because it is a physical gauge in the sense that the constraints are solved exactly, including Gauss's law D i E i ≡ ∂ i E i + [A i , E i ] = ρ qu , and the Hilbert space has positive metric. Here E i is the color-electric field, D i is the gauge-covariant derivative, and ρ qu is the color-charge density of quarks. Moreover the gauge fixing, described in the Appendix, is done independently within each time-slice so that the equal-time Euclidean and Minkowskian of the correlation functions are identical.
In the Coulomb gauge, the 3-vector potential A i is transverse, ∂ i A i = 0, so A i = A tr i . Gauss's law is solved by
where the color-Coulomb field φ is given by
In this gauge, the Hamiltonian (without quarks) is given by
is a color-Coulomb potential-energy functional, depending on A tr , that acts instantaneously and couples universally to color charge. The continuum form of the Coulomb Hamiltonian, with proper attention to operator ordering is given in [8] and the lattice form in [9] . For the minimal Coulomb gauge, this Hamiltonian is supplemented by the boundary condition that the wave functionals Ψ(A tr ) are restricted to the Gribov region. (This is explained below and in the Appendix.) It was proposed in continuum theory in [6] and in lattice theory in [10] , that this restriction may be imposed by use of an effective action or Hamiltonian
As a result, the energy of a gluon of momentum k gets modified to E 2 ( k) = k 2 +( k 2 ) −1 M 4 , as one sees from the quadratic part of H eff . One obtains for the equal-time 3-dimensionally transverse would-be physical gluon propagator the approximate expression
This quantity is defined by
In the absence of an estimate of corrections, one does not know how accurate (1.7) may be. However it was proven [11] that the lattice gluon propagator D tr ( k) at infinite spatial lattice volume L 3 must indeed vanish at k = 0, lim k→0 D tr ( k) = 0 , (1.10)
although the rate of approach of D tr (0, L) to 0, as a function of L, was not established, nor was it determined whether the renormalized gluon propagator also shares this property.
The accuracy of (1.7), and the crucial question of the extrapolation to large L of D tr ( k, L)
are addressed in the numerical study reported here.
We have also evaluated the 4-4 component of the gluon propagator
at equal-time. In the minimal Coulomb gauge D 44 ( x, t) is given by [12] 
where t = x 4 is the Euclidean "time" and P ( x, t) is a non-instantaneous vacuumpolarization term. We call V ( x) the color-Coulomb potential. In momentum space the last equation reads
where lim k 4 →∞ P ( k, k 4 ) = 0. In dimension d < 4, V ( x) coincides with
However in d = 4 dimensions there is a mixing of V ( k) and P ( k, k 4 ) associated with divergences, and V ( k) differs from V 0 ( k) by terms of the form c n g 2n 0 / k 2 in each order of perturbation theory, as explained in detail in [12] .
Stated simply, the confinement of color is caused by the predominantly long range of the color-Coulomb potential V ( x), corresponding to an enhancement of V ( k) at low | k|.
Note however that V ( x) is not the gauge-invariant energy eigenvalue of the quantum state of infinitely massive separated quarks. Nevertheless it is an important quantity. It may be used as an order parameter for color confinement [7] , and it is the starting point for calculations of the ground-state wave-functional [13] , [14] and [15] . The Coulomb gauge does not offer any particular advantage for perturbative calculations and renormalization. However it is the finite limit of renormalizable gauges [18] . This holds separately for its instantaneous part V ( k). Thus the minimal Coulomb gauge allows us to introduce a running coupling constant by g 2 coul (| k|) = const k 2 V ( k). The proportionality constant is determined by the condition that in the large-momentum or weak-coupling regime g 2 coul (| k|) satisfy the standard renormalization-group equation,
where, for SU (N ) gauge theory without quarks
The proportionality constant is calculated in [12] , with the result that for SU (N ) gauge theory without quarks
and more generally, with N f quark flavors
Here Λ coul ∝ Λ QCD is a finite QCD mass scale, characteristic of the Coulomb gauge, such that asymptotically in the weak-coupling regime
The ratio Λ coul /Λ QCD may be obtained from a 2-loop calculation [12] . We conclude that in the minimal Coulomb gauge the running coupling constant of QCD may be obtained from a numerical determination of the equal-time 2-point function D 44 , whereas in other gauges it must be obtained from a 3-point function. The running coupling constant g coul that we have introduced is the QCD analog of the invariant charge in QED that is defined in terms of the transverse part of the photon propagator in a Lorentzcovariant gauge.
Results
We evaluate the space-space gluon propagator
and the time-time gluon propagator
and the lattice gluon field A b xtµ is defined in Eq. (A.5). Here, as usual, we have defined k i ≡ 2 sin(θ i /2), for −π ≤ θ i = 2πn i /L ≤ π, and integer n i . An average over the L time slices is included. In our simulations we consider only 3-momenta aligned along major axes
where A kti is the three-dimensional Fourier transform of the gauge field A xti . If k = (0, 0, 0) only two of the three Lorentz components of A kti -and therefore of A xti -are independent. This explains the factor 6 (instead of 9) in the definition of D tr ( k). volumes considered. To parametrize these data, we were guided by the Nielsen identities [1] . They tell us that the poles of the gluon propagator D tr ( k, k 4 ) are independent of the gauge parameters. 3 In particular, for the class of gauges defined by λ ∂ 4 A 4 + ∂ i A i = 0, 3 Strictly speaking, the Nielsen identities have been established only for Faddeev-Popov type gauge fixing. This does not include the minimal Coulomb gauge because the gauge fixing is done by a minimization procedure that is not describable by a local 4-dimensional action. However the minimal Coulomb gauge may be obtained as a limiting case of a local 5-dimensional quantum field theory that describes stochastic quantization with stochastic gauge fixing, as has been discussed recently in [16] and [17] . The Nielsen identities may be extended to the 5-dimensional formulation.
which interpolate between the Landau gauge, λ = 1, and the Coulomb gauge, λ = 0, the poles are independent of λ. In the Landau gauge, the poles occur at k 2 = k 2 + k 2 4 = −m 2 , by Lorentz (Euclidean) invariance, and thus also in all these gauges, by virtue of the Nielsen identities. We have made a 2-pole fit with poles at m 2 1 and m 2 2 , which may be either a pair of real numbers or a complex conjugate pair. 4 According to [11] , the propagator in the minimal Coulomb gauge vanishes at k = 0. We use this condition to fix the residues to within an over-all normalization
where α is a fitting parameter. This formula does not reproduce the correct asymptotic behavior at large momenta ∼ ( k 2 + k 2 4 ) −1 times logarithmic corrections. However this is not a problem because our largest value of | k| is less than 2 GeV. We wish to emphasize that our pole parameters -to the extent that they are a valid fit -are gauge-independent quantities that characterize the gluon.
The equal-time part of this propagator is given by
where k 4 = 2 sin(θ 4 /2). This gives
,
If we take a pair of complex conjugate poles, m 2 1 = x + iy and m 2 2 = x − iy, we obtain
The case of a pair of real poles is obtained from this formula by taking a negative value of y 2 . For the case of a lattice of finite volume V = L 4 , we modify this formula to
2 )] −1 is slowly varying over the relevant range of k and parameter values, so a fit to (2.8) is a test of the simpler
Stated differently, (2.8) and (2.9) have the same singularities that are nearest to the origin.
In the continuum limit we have u → 4( k 2 +x) and v → 2, and (2.9) is a lattice discretization of Gribov's approximate formula (1.7) provided that the fitting parameters have the values r = 0, α = 0.5, x = 0, with the identification y 2 = M 4 . It is intended report on the fit to (2.9) elsewhere, but preliminary indications are that it is comparable in quality to the fit to (2.8) .
For each lattice side L we have made a fit of the parameters z(L), r(L), α(L), x(L) and y 2 (L). By using Table 3 of [19] and by setting the physical string tension equal to √ σ = 0.44 GeV we obtain that, for β = 2.2, the inverse lattice spacing is a −1 = 0.938 GeV.
This gives a = 0.21 fm, so that the largest lattice volume considered here, i.e. V = 30 4 , corresponds to (6.3 fm) 4 , the smallest non-zero momentum that can be considered for that lattice is equal to 0.196 GeV, while the maximum momentum value (for each lattice side L) is 1.876 GeV. The results 5 are exhibited in Table 1 , and the curves are plotted in Figs. The reader will have noticed that the product (rz)(L) extrapolates to 0 (see Fig.   9 ). This corresponds to a vanishing of D tr (0) at infinite lattice volume, in accordance with [11] . To check on this important point we have also fitted D tr (0, L) using the three fitting functions considered above. A good fit is provided by D tr (0, L) = exp(a)/L b , with a = 2.43(4), b = 0.50(1), χ 2 /d.o.f. = 0.69 and goodness-of-fit Q = 65.6% (see Fig. 10 ). An indication of how reliable these fits are is the comparison of the power b in the fit of the 5 The fits have been done using gnuplot; the errors represent 68.3% confidence interval.
Similar results have been obtained using a conjugate gradient method with errors estimated by a jack-knife method.
product (rz)(L) and of D tr (0, L) which are b = 1.1(1) and b = 0.50(1) respectively. We have also made a similar fit for r(L) (not plotted) and obtained b = 1.8 (1) .
We next consider the k dependence of D tr ( k) at low k. For the power dependence parametrized by ( k 2 ) α , observe that α(L) extrapolates to α(∞) = 0.48(5), see Fig. 6 .
This agrees with Gribov's approximate formula (1.7), which gives α = 0.5. Moreover this value is consistent with the other rows of Table 2 , by the method described below, so this result appears quite stable. Particularly striking is that, with x = 0 imposed, one obtains α = 0.49(1) and α = 0.51(1) respectively from the fourth and fifth rows of Table 2 (explained below).
Another striking feature of the fit is that y 2 (L) is positive for all 9 values of L (see Table 1 ), corresponding to a pair of complex conjugate poles rather than a pair of real poles.
Moreover, in all cases x(L) is quite small compared to y(L). For example x(30) = 0.06 (6) and y(30) = 0.88 (5) . The extrapolation to infinite L also strongly indicates a positive Table   2 for two different values of k 2 min . Similar results are also obtained when the fixed value x = 0 is imposed (see the last two rows of Table 2 and Fig. 11 ). The values for α and y 2 obtained in this way are in good agreement with the values obtained by extrapolating α(L) and y 2 (L) to infinite L (compare the first row of Table 2 with the other four rows of the same table). (2.2) and (1.16) to define lattice quantities V ( k) and g 2 coul ( k) by 12 11
(2.10) Fig. 12 shows our data for the running coupling constant 12 11 g 2 coul ( k). In the continuum limit, its behavior at large momentum is governed by the perturbative renormalization group (1.15) and (1.18) . For the fitting formula we modify (1.18) to
which implicitly defines g 2 coul ( k 2 ). Here r = 102/121, and Λ 2 coul , b, z, α are fitting parameters whose significance we now explain. Naturally the parameter Λ 2 coul sets the mass scale. For small g 2 coul , which corresponds to large k 2 , this formula is dominated by the first term in the denominator, whereas for large g 2 coul , which corresponds to small k 2 , it is dominated by the second term in the denominator. For small g 2 coul the formula approaches (1.18), provided that b = b 0 = 11 24π 2 ≈ 0.046. However we are quite far from the continuum limit for D 44 ( k), as indicated by the small value (1/2)tr(U 4 ) = 0.221(6) (for lattice volume 14 4 ), and we expect significant β-dependence in the extrapolation to the continuum limit.
Moreover, for fixed β, it has been found that different lattice discretizations of the gluon field lead to identical gluon propagators to within numerical accuracy, apart from the overall normalization [20] . We allow for this by taking the overall normalization of g 2 coul to be a fitting parameter. This requires putting an arbitrary normalization coefficient everywhere in front of g 2 coul in (2.11), which is equivalent to replacing the fixed number b 0 by the fitting parameter b. Of course, an extrapolation in β to the continuum limit should give b = b 0 .
For large g 2 coul and small k 2 , this formula approaches
Thus the parameter z sets the overall normalization in the strong-coupling or infrared regime, and α governs the strength of the singularity of g 2 coul in the infrared limit. If the color-Coulomb potential V ( k) is governed by a string tension at large distances then g 2 coul ( k) ∼ const/ k 2 , which corresponds to α = 1. On a finite periodic lattice with finite lattice spacing and with g 2 coul ( k) defined by 12 11 g 2 coul ( k) ≡ k 2 V ( k), necessarily g 2 coul ( k) vanishes at k = 0. Actually g 2 coul ( k) gets a maximum value at k 2 ≈ 0.2 and goes to zero in the infrared limit (see Fig. 12 ). This unphysical behavior is a lattice artifact that also appears in studies of the running coupling constant using the three-gluon vertex [21] . In order to fit our data we have made a low-momentum cut at k 2 min = 0.5. The values of the parameters which we obtain 7 are Λ 2 coul = 1.0(2), z = 1.2(1), b ′ = 0.18 (2) , b = 0.20(2), α = 1.9(3), with χ 2 /d.o.f. = 0.44 and goodness-of-fit Q = 98.3% using the data for L = 28 and L = 30, where b ′ ≡ 11 12 b. We have checked that similar results are obtained with k 2 min = 0.3 and k 2 min = 1.0 (see Table 3 ) but the resulting χ 2 /d.o.f. is smallest for k 2 min = 0.5. 7 The fit has been done using a conjugate gradient method with a numerical inversion of Eq.
(2.11). Errors are estimated using a jack-knife method.
The value of α ∼ 2 corresponds to g 2 coul ∼ const/| k|, and V ( k) ∼ const/| k| 3 at low momentum. The volume dependence of the data, and therefore of our fit, is quite weak, but one notices in Table 3 that the value of α decreases as the low momentum cut-off k 2 min increases. This corresponds to an increase in the strength of the singularity of g 2 coul ( k) at k = 0 as finite-volume effects are reduced. However, as explained above, we must make an extrapolation in β in order to arrive at any precise conclusion about the strength of the singularity in the continuum limit. Nevertheless, our data at finite β and L clearly indicate a color-Coulomb potential that is more singular than V ( k) ∼ const/| k| 2 at low k.
Conclusions
We have used simple formulas to fit the data for the equal-time gluon correlators The vanishing of the gluon propagator D tr ( k) at k = 0 is highly counter-intuitive, and the only explanation for it is the suppression of the low momentum components of the gluon field that is a particular feature of the Gribov horizon, that constitutes the boundary of configuration space. 8 2. Asymptotically at low momentum our fitting formula behaves like D tr ( k) ∝ ( k 2 ) α , with the value extrapolated to infinite lattice volume α = 0.48(5) (see Table 2 ). With the value x = 0 imposed and a low-momentum cut-off one obtains (from L = 28 and L = 30) α = 0.49(1) or α = 0.51(1) (see Table 2 ). This is in striking numerical agreement with ( k 2 ) 2 ) of relative order ( k 2 ) 2 with coefficient of dimension (mass) 4 . It may not be a coincidence that this is the dimension of the gluon condensate F 2 , which is the lowest dimensional condensate in QCD. Because of the gauge invariance of the location of the poles, by virtue of the Nielsen identities [1] , and because of the theoretical suggestiveness of our result, we are encouraged to report the values m 2 = 0 ± iy, for y = 0.671 (7) in lattice units, or y = 0.590(7) GeV 2 , M = y 1/2 = 0.768(4) GeV for the location of the gluon poles in k 2 .
4. The Coulomb gauge offers a definition of the running coupling constant, 12 11 g 2 coul ( k) = k 2 D 44 ( k), which has advantages for numerical determination. It is less subject to fluctuation than the determination of g 2 from the 3-point function in the Landau gauge [21] , but the extrapolation in β remains to be done.
5.
Our data for D 44 ( k) require a cut at low momentum to eliminate lattice artifacts.
After this cut, the running coupling constant defined by 12 11 g 2 coul ( k/Λ QCD ) = k 2 D 44 ( k) extrapolates to low momentum in accordance with infrared slavery, namely the running coupling constant g 2 coul ( k/Λ QCD ) diverges in the zero-momentum limit. 6. The observed strong enhancement of the instantaneous color-Coulomb potential V ( k) and the strong suppression of the equal-time would-be physical gluon propagator D tr ( k) both at low k, strongly support the confinement scenario of Gribov [6] , [7] . In addition to this qualitative agreement, we note excellent numerical agreement of our fit to Gribov's formula D tr ( k) = (| k|/2)[( k 2 ) 2 + M 4 ] −1/2 , reported in 1, 2, and 3 above. If this excellent fit is maintained at larger β values, then it appears that we have obtained a quantitative understanding of D tr ( k).
with respect to gauge transformations g xt . The sum extends over all horizontal or spacelike links, and the minimization is done independently on each time-slice t = x 4 . (The gauge transform g U xµ of the link variable U xµ is defined by g U xy ≡ g −1
x U xy g y , where y ≡ x +μ andμ is the unit vector in the µ direction.) The stochastic over-relaxation algorithm does not necessarily yield the absolute minimum of the minimizing function but leads in general to one of several local minima. Different minima correspond to different Gribov copies. For the lattice volumes 16 4 and 20 4 we have checked that the dependence of the gluon propagators D tr ( k) and D 44 ( k) on which Gribov copy one ends up is of the order of magnitude of the numerical accuracy, in agreement with Ref. [23] . vanishes with the lattice spacing in the continuum limit.
This gauge fixing, in which first F hor is minimized and then F ver is minimized is equivalent to the limit of the interpolating gauge in which the single function, depending on a real positive parameter λ,
is minimized, and the limit λ → 0 is taken.
With this gauge fixing, the link variables should approach unity in the continuum limit in the sense that lim β→∞ (1/2)Tr(U xµ ) = 1. In our study at β = 2.2 we ob- that depend on the vertical links, and they may exhibit significant β-dependence in the extrapolation to the continuum limit. This will be reported subsequently.
The gauge fixing just described produces a configuration U which is a local minimum of F hor,U (g) and F ver,U (g) at g = 1. At a local minimum the minimizing functions are 1) stationary under infinitesimal variations δF = 0 and 2) the matrix of second variations of the minimizing function is non-negative, δ 2 F ≥ 0. We now comment on implications of these properties for gauge-fixed configurations U . At a local minimum, the horizontal minimizing function F hor,U (g) is stationary with respect to infinitesimal variations g x → g x (1+ω x ).
Here ω x = t a ω a x is an element of the Lie algebra of the SU (N ) group, with antihermitian basis t a satisfying [t a , t b ] = f abc t c and Tr(t a t b ) = − 1 2 δ ab . The corresponding variation of F hor is given by
For a configuration U which is a local minimum (at g x = 1), this quantity must vanish for all ω xt , which gives
Here A x,t,i is the lattice gluon field defined by
which is a lattice analog of the continuum connection A a µ (x). Equation (A.5) is the lattice transversality condition for spatial directions, which is the defining condition for the lattice Coulomb gauge.
Since the gauge-fixed configuration U is a local minimum of F hor,U (g) (at g x = 1), its second variation is non-negative
Here M (U ) is the lattice Faddeev-Popov matrix defined on a given time-slice t by
and we have suppressed the index t which is common to all variables. The positivity of M (U ) is a condition on configurations U which, together with the transversality condition (A.5), defines the lattice Gribov region, whose boundary is the Gribov horizon.
[That this is a highly restrictive condition is suggested by the following consideration. The Faddeev-Popov matrix M (U ) for SU (N ) gauge theory is a symmetric matrix of dimension V (N 2 − 1), where V is the (large) number of sites of the lattice, so it has
R n according to the number n = 0, . . . , V (N 2 − 1) of positive eigenvalues of M (U ). Of these, the Gribov region consists of the single region R V (N 2 −1) that includes U xi = 1. For the SU (2) group at least, all regions are populated. To see this, observe that for U xµ = 1, we have M (1) = −∆, whereas for U xµ = −1, we have M (−1) = ∆, where ∆ is the lattice Laplacian. In these 2 cases, depending on the sign, the configuration U = ±1 is in region
By continuity therefore all V (N 2 −1) +1 different regions are populated.
Similar considerations apply to F ver,U (g).] Table 1 . Error bars are one standard deviation. Fig. 3 . Plot of the gluon propagator D tr ( k) as a function of the square of the lattice momentum k 2 for L = 16( * ), 22(△) and 28( ) and fits of these data using Eq.
(2.8) with the parameter values reported in Table 1 . Error bars are one standard deviation. Fig. 4 . Plot of the gluon propagator D tr ( k) as a function of the square of the lattice momentum k 2 for L = 18( * ), 24(△) and 30( ) and fits of these data using Eq.
(2.8) with the parameter values reported in Table 1 . Error bars are one standard deviation. Fig. 5 . Fit of the parameter z(L) (see Table 1 ) as a function of the lattice side L using a − b/L c . We obtain a = 17.2(249), b = 35.9(117), c = 0.38(83), χ 2 /d.o.f. = 0.89 and goodness-of-fit Q = 50.1%. Fig. 6 . Fit of the parameter α(L) (see Table 1 ) as a function of the lattice side L using a + log(1 + b/L). We obtain a = 0.48(5), b = 4.0(13), χ 2 /d.o.f. = 0.66 and goodness-of-fit Q = 70.6%. Fig. 7 . Fit of the parameter x(L) (see Table 1 ) as a function of the lattice side L using a + log(1 + b/L). We obtain a = −0.2(1), b = 10.0(34), χ 2 /d.o.f. = 0.94 and goodness-of-fit Q = 47.4%. Fig. 8 . Fit of the parameter y 2 (L) (see Table 1 ) as a function of the lattice side L using a + log(1 + b/L). We obtain a = 0.45(1), b = 13.6(45), χ 2 /d.o.f. = 1.05 and goodness-of-fit Q = 39.3%. Fig. 9 . Fit of the product (rz)(L) (see Table 1 ) as a function of the lattice side L using exp(a)/L b . We obtain a = 5.6(4), b = 1.1(1), χ 2 /d.o.f. = 0.36 and goodness-of-fit Q = 92.6%. Fig. 10 . Fit of the zero-momentum transverse gluon propagator D tr (0, L) as a function of the lattice side L using exp(a)/L b . Considering the data for L ≥ 16, we obtain a = 2.43(4), b = 0.50(1), χ 2 /d.o.f. = 0.69 and goodness-of-fit Q = 65.6%. Fig. 11 . Plot of the gluon propagator D tr ( k) as a function of the square of the lattice momentum k 2 for L = 28( * ) and 30(△) and fits of these data using Eq. (2.8) with the parameter values and low momentum cut-offs reported in the fourth (solid line) and fifth (dotted line) rows of Table 2 . Error bars are one standard deviation. Fig. 12 . Plot of the running coupling constant 12 11 g 2 coul ( k) ≡ k 2 D 44 ( k) as a function of the square of the lattice momentum k 2 for L = 28( * ) and 30(△) and fits of these data using Eq. (2.11) with the parameter values and low momentum cut-offs reported in the second row of Table 3 . Error bars are one standard deviation. 
